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A non-trivial Fréchet quotient of the space of real
analytic functions

By

paweŁ Domański and Dietmar Vogt

Abstract. We prove that the space of real analytic functions A(�) on an arbitrary open set
� � R

d has a Fréchet infinite dimensional quotient space with a continuous norm.

In the paper [10] (comp. [11]) we proved that every Fréchet quotient of A(�) has

the very restrictive property (�). This was a crucial point in the proof that A(�) has no
basis. It was quite annoying (see the remark after Theorem 5.2 in [10]) that up to now
the only infinite dimensional Fréchet quotients known to us were isomorphic to the space
C

N of all sequences. That might have suggested that our analysis of Fréchet quotients of
A(�) contained in [10] was far from being optimal. Here we show that there are plenty
of pairwise non-isomorphic infinite dimensional Fréchet quotients of A(�), even Köthe
sequence spaces with continuous norms are among them.

Theorem 1. There is a Köthe sequence Fréchet space λ1(B) with a continuous norm
such that for every open set � � R

d the space λ1(B) is a quotient space of A(�).

Let us note that the paper [7] contains the full description of LB and Fréchet subspaces

of A(�) as isomorphic respectively to subspaces of H(D
d
) and H(Dd), if � is connected.

In general, Fréchet subspaces are isomorphic to subspaces of H(Dd)p where p is the
cardinality of the set of connected components of �. It follows easily from [7] that LB
quotients (or LB complemented subspaces) of A(�) are exactly quotients (or complemented

subspaces) of H(D
d
). By [10] we know that Fréchet complemented subspaces of A(�)

are finite dimensional. The problem of a description of Fréchet quotients of A(�) remains
still open.

The present paper is a step toward the structural theory of the space A(�). We believe that
it is worthwhile to develop such a theory because an analogous theory for Fréchet spaces has
proved to be very useful in the study of classical operators on them and in solving problems
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of classical analysis related to these operators (see, for instance, [6], [8], [9], [15]). We
expect similar applications of the structural theory of A(�) in the theory of operators acting
on A(�). Let us note that recently several papers have appeared devoted to the study of
properties of A(�), some of them have included applications to problems of analysis (see,
for instance, [3], [4], [7], [10], [11], [15], [17]).

Our notation is standard, we follow in general [21]. We say that Ext1(X, Y ) = 0, for two
Fréchet spaces X, Y , whenever every short exact sequence of Fréchet spaces of the form

0 −→ Y
j−→ Z

q−→ X −→ 0

splits (i.e., q has a continuous and linear right inverse). Let us recall that A(�) =
Proj H(ωn), where ω1 ⊂⊂ ω2 ⊂⊂ . . . ⊂⊂ �,

∞⋃
n=1

ωn = �, (ωn) an open exhaustion.

In particular, A(�) is a webbed ultrabornological space (see [19, Prop. 1.9, Th. 1.2], for
other linear topological properties of A(�) see [11], [10], [3], [4]).

W e i g h t f u n c t i o n . Let ω : [0, ∞[−→ [0, ∞[ be a continuous increasing function.
We call ω a quasi-analytic weight function if it has the following properties:

(α) ω(2t) = O(ω(t)), t −→ ∞,

(β)
∞∫
0

ω(t)

1+t2 dt = +∞,

(γ ) log t = o(ω(t)), t −→ ∞,
(δ) ϕω : t �→ ω(et ) is convex,
(ε) ω(t) = o(t), t −→ ∞.

Let ω be a weight function and I ⊂ R an open interval. We define (cf. [5])

E (ω)(I ) = {
f ∈ C∞(I ) : for every K ⊂⊂ I and every m ∈ N, m > 0,

we have qK,m(f ) = sup
j∈N

sup
x∈K

|f (j)(x)| exp
( − mϕ∗

ω

(
j
m

))
<∞

}
,

where ϕ∗
ω : [0, ∞[→ [0, ∞[ is the Young conjugate for ϕω, i.e.,

ϕ∗
ω(y) := sup{xy − ϕω(x) : x � 0}.

It is easily seen that ϕ∗
ω is a convex increasing function. Then E (ω)(I ) is a nuclear Fréchet

space which contains A(I ) continuously.
Let us recall [23, p. 373] that a Fréchet space (E, (‖ · ‖n)n∈N) has property (DNϕ) for

a strictly increasing function ϕ :]0, ∞[→]0, ∞[, lim
r→∞ ϕ(r) = ∞, whenever the following

condition holds:

∃ n ∀ m ∃ k, C > 0 ∀ x ∈ E, r > 0 : ‖x‖m � Cϕ(r)‖x‖n + 1
r
‖x‖k.

Lemma 2. The space E (ω)(I ) has property (DNϕ) for some ϕ.
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P r o o f. Let us fix a closed interval K , K ⊂⊂ I , and m ∈ N, m > 0. Clearly, if
f ∈ C∞(I ) and qK,m(f ) < ∞, then for some C and every j ∈ N

sup
x∈K

|f (j)(x)| � C exp

(
mϕ∗

ω

(
j

m

))
� C exp(ϕ∗

ω(j)).

Let us define Mj := exp(ϕ∗
ω(j)), by convexity of ϕ∗, we have M2

j � Mj+1Mj−1 for every

j ∈ N. Of course, f ∈ CM(K) as defined in [13, Def. 1.3.7] or [22, 19.6]. By [14,
Lemma 4.1, (4.1) ⇔ (4.3)] (observing that M(t) = ω(t)), our condition (β) implies that
∞∑

j=1

Mj−1
Mj

= ∞. By the Denjoy-Carleman Theorem (see [13, Th. 1.3.8] or [22, 19.11])

the class CM(K) is quasi-analytic. Thus if f vanishes on some nontrivial subinterval of K ,
then it is equal zero on the whole K . This means that E (ω)(I ) is countably normed, hence
the lemma follows from [23, Lemma 5.7]. �

If I = ] − T , +T [ and 0 < tn ↗ T then the Fourier transform F : µ �→ 〈µ, e−i·z〉
constitutes an isomorphism of E (ω)(I )′b onto

Aω,I = {f ∈ H(C) : ∃m ∈ N :

|f |∗m = sup
z∈C

|f (z)| exp(−tm|Im z| − m ω|z|) < +∞}

equipped with the natural nuclear (LB)-topology given by | |∗1 � | |∗2 � . . . (comp.
[16, Th. 1.3 and further remarks]).

We denote by 
s(α) the finite type (for s = 0) and infinite type (for s = ∞) power
series space generated by the sequence α = (αn) (comp. [21, §29]). 
s(α) is called stable
if sup α2n

αn
< ∞ which implies 
∞(α) � 
∞(α)2.

The following two lemmas are the essential ingredients of the proof of our main Theorem 1.

Lemma 3. Let α = (αn)n be an increasing stable sequence of positive numbers such
that

lim
n→+∞

n

αn

= 0

then there is a quasi-analytic weight function ω and an exact sequence

0 −→ 
s(α)
j−→ E (ω)(I )

q−→ E (ω)(I ) −→ 0,

where s = 0 for I = (−1, +1), s = ∞ for I = R and im j ⊂ A(T ).

P r o o f. Let us denote by pk the number of elements of the sequence α contained in the
interval [2k, 2k+1]. Clearly, lim

n→∞
n
αn

= 0 implies that lim
k→∞

pk

2k = 0. Then we distribute αn

uniformly in the interval [2k, 2k+1] and we get a new stable increasing sequence such that
for some γ > 0 and all k, j

|αk − αj | � γ |k − j |.
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Moreover, the new sequence is equivalent to the old one in the sense that the space 
s(α)

does not change both as a set and as a topological space [21, Prop. 29.1].
Now, the sequence (αn) after the changes above satisfies the assumptions of the Theorem

of Polya-Levinson [18, Th. XXXI] or [1, Th. 6.4.9] and therefore the function

L(z) :=
∏
n�1

(
1 + z2

α2
n

)

is of exponential type zero, i.e. for every ε > 0 we have,

sup {|L(z)| exp (−ε|z|) : z ∈ C} < ∞,

and

sup

{∣∣∣∣ 1

L(z)

∣∣∣∣ exp(−ε|z|) : |z ± iαn| >
γ

8
for every n ∈ N

}
< ∞.

It follows that there is a quasi-analytic weight function ω : [0, ∞] −→ [0, ∞[ so that

sup{|L(z)| exp(−ω(|z|)) : z ∈ C} < +∞(1)

and

sup

{∣∣∣∣ 1

L(z)

∣∣∣∣ exp(−ω(|z|)) : |z ± iαn| >
γ

8
for every n ∈ N

}
< ∞.(2)

Due to (1) the multiplication operator MLf := Lf acts on Aω,I . We put pm(z) = tm|Imz|+
mω(|z|) and z2k−1 = iαk , z2k = −iαk for k ∈ N. Due to condition (ε) we obtain with
suitable constants c, d > 0

cpm(zk) − d � tm|zk| � pm(zk)

for all k ∈ N. This means that for α̃k = |zk|, hence 
s(α̃) ∼= 
s(α)2 ∼= 
s(α),


′
s(α̃) = λ∗(P)

:= {(xk)k∈N : |x|∗m := sup
k

|xk| exp(−pm(zk)) < +∞ for some m}.

We define a continuous linear operator

R : Aω,I → λ∗(P), R(f ) := (f (zk))n∈N.

Due to (2) we obtain

ker R = L · Aω,I = im ML.

Using methods analogous as in [2, Th. 7] (comp. [1, Ch. II], [20]), we obtain that
R : Aω,I → λ∗(P) is surjective.

So we arrive at an exact sequence

0 −→ Aω,I
ML−→ Aω,I

R−→ 
′
s(α) −→ 0.

Dualizing it and using the proper identifications we obtain the exact sequence we want.
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Precisely we have R ◦ F = j ′. Hence for µ ∈ E ′
(ω)(R) and ξ ∈ 
s(α̃)

µ(jξ) = 〈Rµ̂, ξ〉 =
∑
k∈N

ξkµ̂(zk) = µz

(∑
k∈N

ξke
−izkz

)
.

For the last equation we used that, the series in brackets converges uniformly for z in
compact subsets of H(I + iR), hence in A(I ) and so also in E (ω)(I ). In particular this
proves that jξ ∈ A(I ). �

Lemma 4. Let a Fréchet space E have property (DNϕ) for some ϕ. Then for every
nuclear stable power series space 
s(α) there is a Köthe space λ1(B) with a continuous
norm such that

(1) λ1(B) is a quotient of 
s(α);
(2) Ext1(E, λ1(B)) = 0.

P r o o f. We will make a modification of the proof of [23, Lemma 5.4]. First we choose
a strictly increasing function

ψ : (0, +∞) −→ (0, +∞), ψ(r) � r, ψ(1) = 1, lim
r→+∞ ψ(r) = +∞

such that

lim
r→+∞

ψν(r)

ϕ−1(r)
= 0 and lim

r→+∞
ψν(r)

r
= 0

for all ν ∈ N. Moreover, we choose a sequence βj � 1 such that for every R > 1 holds

lim
j→∞

Rαj

βj

= 0 and
∑

β−1
j < +∞.

We define the matrix (bj,k)j,k∈N exactly as in the proof of Lemma 5.4 in [23].
Observe that λ1(B) has the property (�) (for the definition see [21, §29]). Indeed, by

the equalities on page 375 in [23], for every k, m ∈ N we have for j � m − 1

bj,m

bj,k+1
= bj,m

bj,m−1
· · · bj,k+2

bj,k+1

= (ψ−1)(j−(m−1))(βj ) · (ψ−1)(j−(m−2))(βj ) · · · (ψ−1)(j−(k+1))(βj ),

where η(t) denotes the t-th times composed function η. Since ψ(r) � r , ψ−1(r) � r and
therefore

bj,m

bj,k+1
� [(ψ−1)(j−(k+1))(βj )]

m−k−1.

Since lim
r→+∞

ψν(r)
r

= 0 for every ν ∈ N, there is a constant C such that

rm−k−1 � Cψ−1(r) for every r > 0.

Therefore

[(ψ−1)(j−(k+1))(βj )]
m−k−1 � C(ψ−1)(j−k)(βj ) = C

bj,k+1

bj,k

.
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We have proved that

b2
j,k+1 �

1

C
bj,mbj,k

which means that λ1(B) has the property (�) (and, a fortiori, (�) – see [21, §29]).
As in the proof of [23, Lemma 5.4], we get for j � k that

bj,k+1
bj,k

� βj , therefore for every
R > 1 we have

Rαj

(
bj,k

bj,k+1

)
�

Rαj

βj

−→ 0 as j → +∞.

It is proved in [23] that λ1(B) is nuclear but the formula above implies that λ1(B) is even

N(α)-nuclear — see [25, Def. 1.1] (and, a fortiori, 
1(α)-nuclear — see [24, Def. 1.1]).
By [25, Satz 3.4] and [24, Th. 4.1], λ1(B) is a quotient of 
∞(α) and of 
0(α) as well. By
the proof of [23, Lemma 5.4] and [23, Th. 1.9], the condition (2) of the lemma follows. �

The next lemma allows to reduce the problem to � = R. Let us note that if � � R is
open then A(�) � A(R)m, where m is the number of connected components of �.

Lemma 5. Let � � R
d be an arbitrary open set, d � 2, then A(�) contains a com-

plemented subspace isomorphic to A(Rd−1) and, a fortiori, a complemented subspace
isomorphic to A(R).

P r o o f. Let x ∈ I be an arbitrary point. Let B be an open ball with center x contained
in � but such that there is w ∈ ∂B ∩ ∂� �= ∅. Let S be an arbitrary sphere inner tangential
to ∂B at w. Mapping R

d by inversion with center w, we may assume that � contains a
d − 1 dimensional linear subspace and the corresponding restriction map is a quotient map
with the right inverse f �→ f̃ , f̃ (x1, . . . , xd) := f (x1, . . . , xd−1). �

P r o o f o f t h e M a i n T h e o r e m 1. By Lemma 5, A (R) is a quotient of A(�), thus it
suffices to construct a quotient λ1(B) of A(R). By Lemma 3, there is a short exact sequence
of the form

0 −→ 
∞(α)
j−→ E (ω)(R)

q−→ E (ω)(R) −→ 0,

where 
∞(α) is a stable nuclear power series space, ω a quasi-analytic weight function
and imj ⊂ A(R).

We know, by Lemma 2, that E (ω)(R) has (DNϕ) for some ϕ. By Lemma 4, there is a
quotient map Q : 
∞(α) → λ1(B) such that Ext1(E (ω)(R), λ1(B)) = 0. Therefore Q

extends on E (ω)(R) and Q restricted to A(R) is the required surjective map to λ1(B) which
is open by the Webbed Open Mapping Theorem [21, 24.30]. �
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