
Bull. London Math. Soc. 39 (2007) 818–828 C�2007 London Mathematical Society
doi:10.1112/blms/bdm069

A DIVISION THEOREM FOR REAL ANALYTIC FUNCTIONS

DIETMAR VOGT

Abstract

We characterize those homogeneous polynomials P ∈ C[z1, . . . , zd] for which the principal ideal (P ) = P · A(Rd)
is complemented in A(Rd) or, equivalently, those which admit a continuous linear division operator. The
condition is the same as that which characterizes, among the homogeneous polynomials, those which are non-
elliptic and for which P (D) is surjective in A(Rd), and those for which P (D) admits a continuous linear right
inverse in C∞(Rd). It depends only on the type of real singularities.

In this note we study the problem of when, for a polynomial P ∈ C[z1, . . . , zd], the principal
ideal (P ) = P · A(Rd) is complemented in the space A(Rd) of real analytic functions or,
equivalently, when there exists a continuous linear operator T in A(Rd) such that T (P · f) = f
for every f ∈ A(Rd). The operator T and its dual, which divides analytic functionals through
P , are called division operators, so we study when P admits continuous linear division. We
give a necessary condition which is also sufficient if either P is homogeneous or its real zero set
is compact. So we get a complete characterization for the case of homogeneous polynomials.

In this case, the principal ideal (P ) is complemented if and only if the variety V = {z ∈
C

d : P (z) = 0} satisfies the so-called local Phragmén–Lindelöf condition (denoted here, the
PLloc condition) at every real point. This condition appeared first in Hörmander [9], and
it characterizes those non-elliptic homogeneous polynomials for which P (D) is surjective
in A(Rd). It also characterizes those homogeneous polynomials for which P (D) admits a
continuous linear right inverse in C∞(Rd) (see Meise, Taylor and Vogt [14]). It has been
intensely studied in the meantime; see, for example, [3–5, 15, 19].

It is also interesting to compare our result with the classical results in the C∞-case, and in
the case of entire functions. In the C∞-case, this comparison will be made in Section 4. The
connection to the ideal property (propriété des zéros) and the analytic ideal property will also
be discussed there. By a result of Zahariuta [24] and Djakov and Mitiagin [6], the principal
ideal P · H(Cd) is always complemented in the space H(Cd) of entire functions.

1. Preliminaries

Throughout the paper, A(Rd) denotes the space of complex-valued real analytic functions
with its natural locally convex topology (see Martineau [13]). For compact K ⊂ C

d, we denote
by H(K) the space of germs of holomorphic functions on K with its natural (LB)-topology;
that is, it is the inductive limit of the spaces H∞(Un) where the Un runs through an open
neighborhood basis of K. This understood, A(Rd) is the projective limit of the spaces H(Kn)
where Kn is any compact exhaustion of R

d. For open ω ⊂ C
d we denote by H(ω) the Fréchet

space of holomorphic functions on ω with the compact open topology.
We use common notation for locally convex spaces. In particular, for locally convex spaces

E and F we denote by L(E, F ) the space of all continuous linear maps from E to F , and we
set L(E) := L(E, E). The dual space E′ is always assumed to carry its strong topology. For all
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unexplained concepts of functional analysis, we refer to [16]. For homological concepts, we refer
to [21], for real analytic spaces to [8] and [17], and for concepts of pluripotential theory to [11].

Let Va be the germ of a complex variety at the real point a. We always assume that it is
given by a relatively compact open connected neighborhood Ω of a in C

d and finitely many
holomorphic functions f1, . . . , fm on Ω so that Va = {z ∈ Ω : f1(z) = . . . = fm(z) = 0} and
f1, . . . , fm generate the ideal of Va in Oa. We set Xa = Va ∩ R

d.
If the ideal of Xa in Oa is generated by f1, . . . , fm, we call Va the complexification of Xa.

We define

ωa,V (z) = lim sup
ζ→z

sup{u(ζ) : u plurisubharmonic on Va, u � 1, u � 0 on Xa}.

For two germs ωa and ω̃a we set ωa ≺ ω̃a if there is a constant C > 0 such that ωa � Cω̃a

in a neighborhood of a in Va ∩ Ṽa. If ωa ≺ ω̃a and ω̃a ≺ ωa, we write ωa ∼ ω̃a, and call such
germs equivalent. Then we find that: up to equivalence, the germ of ωa,V depends only on the
germ of Va. If Va is the complexification of Xa, then, of course, it depends only on the germ of
Xa. In this case we also write ωa,X .

Definition 1.1. Va satisfies PLloc if ωa,V ≺ |Im z|.

A complex variety V satisfies PLloc at the real point a if its germ in a satisfies PLloc. The
germ Xa of a real analytic variety at the real point a is of type PL if its complexification
satisfies PLloc. Notice that for a complex variety V and X = V ∩ R

d the germ Xa can be of
type PL, while Va does not satisfy PLloc at a.

Example. Let V = {z :
∑d

j=1 z2
j = 0} and d > 2; then X0 = {0} and X0 coincides with its

complexification. Therefore X0 is of type PL, while V0 does not satisfy PLloc.

Definition 1.2. For a germ Wa of a subvariety of Va, we set Wa
PL⊂ Va if ωa,W ≺ ωa,V

on Wa.

Notice that with this notation we have Va
PL⊂ C

d
a if and only if Va satisfies PLloc.

Lemma 1.3. We have the following simple facts.

(i) If Wa
PL⊂ W̃a

PL⊂ Va, then Wa
PL⊂ Va.

(ii) If Va is in C
d1 and Wb is in C

d2 , d1 + d2 = d, then Va × {b} PL⊂ Va × Wb.

It should be pointed out that these relations remain unchanged, up to the base point, under
biholomorphic maps defined in a neighborhood of a, mapping reals to reals. This is used, in
particular, in connection with Lemma 1.3(ii).

We consider now a homogeneous complex variety V . We set

S =
{

z ∈ C
d :

d∑
j=1

z2
j = 1

}

and V 0 = S ∩ V . Then V 0 is a complex variety and V 0 ∩ R
d = X ∩ Sd−1 =: X0 is a compact

real analytic variety.
In a neighborhood of a ∈ X0 we identify by polar coordinates Va with (1 + εD) × V 0

a , where
D is the open unit disc. Therefore V 0

a

PL⊂ Va. If Va satisfies PLloc, then so also does V 0
a .
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Lemma 1.4. If V is homogeneous and satisfies PLloc at any real point, then there exists a
continuous linear extension operator A(X0) −→ A(Rd). In particular, there exists a continuous
linear extension operator A(X0) −→ A(Sd−1).

Proof. According to the previous discussion, V0 satisfies PLloc at any point of X0. That
means that X0 is a compact subvariety of Rd, of type PL. By [19, Theorem 2.2], there exists a
continuous linear extension operator A(X0) −→ A(Rd). If we compose this with the restriction
map to Sd−1, we get the second assertion.

From there, we obtain the following theorem (see [19, Theorem 7.2]). We set R
d
∗ = R

d \ {0},
X∗ = R

d
∗ ∩ X.

Theorem 1.5. If the homogeneous real analytic variety V satisfies PLloc at any real point,
then there exists a continuous linear extension operator A(X∗) −→ A(Rd

∗).

Proof. The map

z �→
(

log ‖z‖,
z1

‖z‖ , . . . ,
zd

‖z‖

)

is a real analytic diffeomorphism from Rd
∗ to R × Sd−1, and also from X∗ to R × X0. So we

may identify

A(Rd
∗) ∼= A(R)

⊗̂
πA(Sd−1) and A(X∗) ∼= A(R)

⊗̂
πA(X0).

If ϕ : A(X0) −→ A(Sd−1) is the extension map of Lemma 1.4, then id
⊗̂

πϕ leads to the
extension map, as claimed.

2. Description of the problem

Let P ∈ C[x1, . . . , xd] be a polynomial. We denote by (P ) = P · A(Rd) the principal ideal of
P in the real analytic functions. The following lemma is then quite obvious.

Lemma 2.1. The following statements are equivalent.
(i) There is a continuous linear operator T = TP ∈ L(A(Rd)) (‘division operator’) such that

T (Pf) = f for all f ∈ A(Rd).
(ii) There is a continuous linear operator S = SP ∈ L(A′(Rd)) such that P · S(μ) = μ for

all μ ∈ A′(Rd).
(iii) (P ) is complemented in A(Rd).

Proof. Since (i) and (ii) are just dual to each other, it suffices to show the equivalence of (i)
and (iii). If (i) is given, then f �→ P · T (f) defines a continuous linear projection onto (P ). If
(iii) is given and π is a continuous linear projection onto (P ), then (P ) is a quotient of A(Rd),
and hence is ultrabornological. By the Grothendieck–de Wilde theorem, the map T0 : Pf �→ f
is continuous linear from (P ) onto A(Rd). We set T := T0 ◦ π.

Definition. We say that P admits continuous linear division if the equivalent conditions
of Lemma 2.1 are fulfilled.

Since P obviously admits continuous linear division if and only if each of its irreducible
factors does so, we may assume, for our investigation, that P is irreducible. In this case, we
can describe (P ) by the zeros of its functions.
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We use the following notation:

V = {z ∈ C
d : P (z) = 0},

X = V ∩ R
d = {x ∈ R

d : P (x) = 0},

and we obtain the following lemma.

Lemma 2.2. (P ) is the set of all f ∈ A(Rd) for which there exists an open neighborhood
ω of R

d and a function F ∈ H(ω) such that F |Rd = f and F |V ∩ω = 0.

Proof. If f ∈ (P ), then there is g ∈ A(Rd) such that f = Pg. There is an open neighborhood
ω of R

d and G ∈ H(ω) such that G|Rd = g. We put F = PG.
To show the converse we assume that ω and F are as described in the lemma. Then P divides

F ; that is, there is G ∈ H(ω) with F = PG.

We set

HV (X) = {(f,Ω) : Ω is an open neighborhood of X in V, f holomorphic on Ω}

with (f1, Ω1) = (f2, Ω2) if there exists an open set Ω ⊂ V with X ⊂ Ω ⊂ Ω1 ∩ Ω2 and
f1|Ω = f2|Ω.

We obtain a natural restriction map ρ : A(Rd) −→ HV (X) by setting ρ(f) = F |V , where F
is an extension of f to a holomorphic function on an open neighborhood of R

d.

Lemma 2.3. The sequence

0 −→ (P ) ↪→ A(Rd)
ρ−→ HV (X) −→ 0 (1)

is exact.

Proof. Due to Lemma 2.2, we have to show only the surjectivity of ρ. For given (f,Ω) we
find, by use of the Cartan–Grauert theorem, an open pseudoconvex set ω ⊂ C

d such that R
d ⊂

ω and ω ∩ V ⊂ Ω. By the Cartan–Oka theory there exists an F ∈ H(ω) such that F |ω∩V = f .

3. Necessity of PLloc

Using |z| = maxj |zj |, we put Dr = {x ∈ R
d : |x| � r}. By Vr we denote the pluricomplex

Green function of Dr (see [11, p. 207]), and we set

Dr,α = {z ∈ C
d : Vr(z) < α}, Wr,α = Dr,α ∩ V.

By | |r,α we denote the norm of H∞(Dr,α), and by ‖ ‖r,α the norm in H∞(Wr,α).
In complete analogy to [19], we obtain the following lemmas from [22, 23, 25].

Lemma 3.1. For 0 < α1 < α′
2 < α2 < α3 we have C > 0 such that

|η|∗α3−α1

r,α2
� C |η|∗

α3−α′
2

r,α1
|η|∗

α′
2−α1

r,α3

for all η ∈ H∞(Dr,α1)
′.

Lemma 3.2. For 0 < α1 < α2 < α3 and f ∈ H∞(Dr,α3), we have

|f |α3−α1
r,α2

� |f |α3−α2
r,α1

|f |α2−α1
r,α3

.
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Since the restriction of H∞(Wr,α) to Wr,α′ is contained in the range of the restriction of
H∞(Dr,α) to Wr,α′ , we obtain the next statement from Lemma 3.1.

Lemma 3.3. For 0 < α1 < α′
2 < α2 < α3, we have C > 0 such that

‖η‖∗α3−α1

r,α2
� C ‖η‖∗α3−α′

2
r,α1

‖η‖∗α′
2−α1

r,α3

for all η ∈ H∞(Wr,α1)
′.

We set
A(Rd) = proj

r
ind
α

H∞(Dr,α)

with the locally convex limit topologies, and likewise

HV (X) = proj
r

ind
α

H∞(Wr,α),

and it is easy to show that HV (X), equipped with this topology, carries the quotient topology
of A(Rd) under ρ. Both spaces are (PLB) spaces, that is, countable projective limits of unions
of Banach spaces. From the exact sequence (1) we see that (P ) is complemented if and only if
ρ has a continuous linear right inverse.

Proposition 3.4. If (P ) is complemented in A(Rd), then V satisfies PLloc at every x ∈ X.

Proof. Let ϕ be a right inverse for ρ. From the theory of (PLB)-spaces (see, for example,
[7, p. 63]) we know that for every r there is an R such that we have the factorization expressed
in the left-hand square of the following commutative diagram.

A(Rd) −−−−→ A(Dr) −−−−→ HV (X ∩ Dr)
⏐⏐ϕ


⏐⏐ϕ̃


⏐⏐
HV (X) −−−−→ HV (X ∩ DR) id−−−−→ HV (X ∩ DR)

The unnamed maps are the natural restrictions.
Now, arguing precisely as in the proof of [19, Lemma 5.3], we obtain ε > 0 and Cα such that

|ϕ̃f |r,εα � Cα‖f‖R,α

for all f ∈ H∞(V ∩ DR,α).
We get the following chain of inequalities for 0 < α1 < α2 < α3 and f ∈ H∞(Wr,α3):

‖f‖r,εα2 � |ϕ̃f |r,εα2

� |ϕ̃f |(α3−α2)/(α3−α1)
r,εα1

|ϕ̃f |(α2−α1)/(α3−α1)
r,εα3

� C(α3−α2)/(α3−α1)
α1

C(α2−α1)/(α3−α1)
α3

‖f‖(α3−α2)/(α3−α1)
R,α1

‖f‖(α2−α1)/(α3−α1)
R,α3

.

By applying this to fn, taking nth roots and letting n go to infinity we obtain:

‖f‖r,εα2 � ‖f‖(α3−α2)/(α3−α1)
R,α1

‖f‖(α2−α1)/(α3−α1)
R,α3

.

We set ‖f‖R,0 = sup{|f(x)| : x ∈ X ∩ DR}. Letting α1 tend to 0 and replacing α2 by α and
α3 by γ, we get, for 0 < α < γ and f ∈ H∞(WR,γ),

‖f‖r,εα � ‖f‖(γ−α)/γ
R,0 ‖f‖α/γ

R,γ .

This means that for any function u(z) = c log |f(z)| where f is holomorphic on WR,γ , c > 0,
such that u(z) < 0 on R

d ∩ WR,γ and u(z) < 1 on WR,γ , we have

u(z) � α

γ
, z ∈ Wr,εα.
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We now fix 0 < ρ < r, γ > 0. From the explicit form of the level sets of VDr (see [11, p. 207])
we see that there is δ > 0 such that for any z ∈ ∂Dr,εα, α < γ, with |x| � ρ, we have |y| � δα.

Therefore there is an A such that for any u(z) = c log |f(z)| where f is holomorphic on WR,γ ,
c > 0, so that u(z) < 0 on R

d ∩ WR,γ and u(z) < 1 on WR,γ , we have

u(z) � A|Im z|, z ∈ Wr,εγ ∩ {z : |Re z| � ρ}.

By standard arguments (cf. [19]) we conclude that V has PLloc at any x ∈ R
d ∩ V ∩ Dρ. As

r and ρ < r were arbitrary, this proves the result.

4. Consequences of the necessary condition

Before we narrow our focus to homogeneous polynomials for which we are able to prove the
converse of Proposition 3.4 and obtain a complete characterization, we show some consequences
of the necessary condition proved so far.

If V satisfies PLloc at some point a ∈ X, then for any f ∈ Oa with f |Xa
= 0 we have f |Va

= 0;
that is, the ideal JXa of Xa in Oa coincides with the ideal JVa of Va and, for irreducible P ,
is P · Oa. Since P̃ (z) := P (z) vanishes on Xa, the polynomial P must divide P̃ in this case;
that is, P has to be proportional to a real polynomial. For general P satisfying PLloc in a,
we know that every irreducible factor satisfies PLloc in a. Therefore every irreducible factor
which vanishes in a has to be proportional to a real polynomial. Finally, we conclude from the
equality of ideals that dimR Xa = dimC Va = d − 1.

If V satisfies PLloc at every a ∈ X, we immediately get the following corollary.

Corollary 4.1. If (P ) is complemented in A(Rd), then P = P1P2, where P1 has no real
zeros and P2 is a real polynomial, X is of pure dimension d − 1, and HV (X) = A(X).

For all this, cf. [10, 14, 15, 19]. We may prove an even stronger local version. Let a ∈ X,
and let Pa = f1 · · · fp be an irreducible decomposition of the germ Pa of P in Oa. Put Va,j the
germ of the complex zero variety of fj in a, and Xa,j = Va,j ∩ R

d. Then every Va,j satisfies
PLloc; hence Xa,j is coherent, of pure dimension d − 1, and fj is, up to a unit in Oa, real on R

d.

Proposition 4.2. If P is a real polynomial and (P ) is complemented in A(Rd), then for
every a ∈ X the germ Xa is coherent and the germ Pa has, in Oa, an irreducible decomposition
Pa = f1 · · · fp, where all fj ∈ OR

a , and their real zero varieties are coherent and have pure
dimension d − 1.

We use the following notation. We set

JX = {f ∈ A(Rd) : f |X = 0} and JV = {f ∈ H(Cd) : f |V = 0}.

Moreover, we set

(P )∞ = P · C∞(Rd) and J ∞
X = {f ∈ C∞(Rd) : f |X = 0}.

We say that P has the ideal property (or propriété des zéros) if (P )∞ = J ∞
X , and that

P has the analytic ideal property if (P ) = JX .

Lemma 4.3. If P has the ideal property, then P also has the analytic ideal property. If
P has the analytic ideal property and Xa is coherent at every a ∈ X, then P has the ideal
property.

Proof. For the first part, see [2, Proposition 3]); the second follows from [12, Theorem 3.10]
and a partition of unity argument.
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Since it is obvious from the previous discussion that the PLloc condition being fulfilled at
every point of X implies the analytic ideal property, and it also implies coherence of X at every
a ∈ X, we obtain our next theorem from Lemma 4.3.

Theorem 4.4. If (P ) is complemented in A(Rd), then P has the ideal property and the
analytic ideal property.

Now, from results of Bierstone and Schwarz [1] and Langenbruch [10, Theorem 1.6] we know
that (P )∞ is complemented in C∞(Rd) if and only if P has the ideal property, and we can
conclude the following theorem.

Corollary 4.5. If (P ) is complemented in A(Rd), then (P )∞ is complemented in C∞(Rd).

Example. The real zero variety of the irreducible polynomial P (x, y) = y3 − x3(1 + x2) is
of pure dimension 1. In O0 it decomposes into one real and two complex factors, and hence, by
Proposition 4.2, (P ) is not complemented. In A(Rd) it decomposes into two real-valued factors,

f1(x, y) = y − x
3
√

1 + x2, f2 =
(
y + x

2
3
√

1 + x2
)2

+ 3
4x2 (

1 + x2)2/3
.

Here, f1 describes X; f2 vanishes in 0 only. Hence P does not even have the analytic ideal
property. On the other hand, there is a continuous linear projection in A(Rd) onto JX , namely

f(x, y) �→ f(x, y) − f
(
x, x

3
√

1 + x2
)
.

Let us remark that the description in Proposition 4.2 corresponds to the characterization of
the ideal property contained in Bochnak [2, Corollaire 2].

Let P have the ideal property, and let π be a continuous linear projection in C∞(Rd) onto
(P )∞. Assume now that (P ) is not complemented; then π necessarily sends some f ∈ A(Rd)
to π(f) ∈ C∞(Rd) \ A(Rd), because πA(Rd) ⊂ A(Rd) would, due to the closed graph theorem,
imply that π|A(Rd) is a continuous linear projection in A(Rd) onto (P ).

5. Sufficiency of PLloc, local case

From Proposition 3.4 and [19, Theorem 2.2] we get the following theorem. Notice that PLloc
at any real point of V implies that X is coherent (see [19]); hence A(X) = HV (X).

Theorem 5.1. If X is compact, then (P ) is complemented if and only if V satisfies PLloc
at any x ∈ X.

We will now study the case of a homogeneous P . As a first step we extend the proof of
[19, Proposition 4.5] — that is, the sufficiency part of [19, Theorem 2.2] — from the case of
compact X to a semiglobal result in the general case.

Theorem 5.2. If V satisfies PLloc at any real point, then for every compact K ⊂ R
d

there is a continuous linear map ϕK : A(X) −→ H(K) such that ϕKf |K∩X = f |K∩X for all
f ∈ A(X).

Proof. We choose r > 0 such that K is contained in the interior of Dr. We use the following
neighborhoods of Dr:

Ur,α = {z : |x| < r + α, |y| < α}.

They are analytic polyhedra.
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By a compactness argument, the PLloc-condition gives us a neighborhood

U = {z : |x| < R, |y| < γ}

of Dr in C
d, and constants A and γ0 > 0, such that for any plurisubharmonic function u on V

with u(z) < 1 for z ∈ U ∩ V and u(x) < 0 for x ∈ U ∩ X we have u(z) � A |Im z| for z ∈ Ur,γ0 .
Let ω(z) = ω(DR ∩ X, UR,γ ∩ V, z) be the relative extremal function on UR,γ ∩ V , that is,

the upper regularization of

sup{u(z) : u plurisubharmonic on V, u < 1 on UR,γ ∩ V, u < 0 on DR ∩ X}.

Then the above condition says that there are a constant A and γ0 > 0 such that

ω(z) � A |Im z|, z ∈ V ∩ Ur,γ0 .

We set
Ṽr,α = V ∩ Ur,α, Vβ = {z ∈ V : ω(z) < β},

and we obtain, for 0 < α < γ0,
Ṽr,α ⊂ VAα.

Changing our previous notation, we denote now by | |r,α the norm in H∞(Ur,α), and by ‖ ‖β

the norm in H∞(Vβ). In analogy to Lemmas 3.1 and 3.2, we see that for 0 < α1 < α′
2 < α2 < α3

and η ∈ H∞(Ur,α1)
′, we have

‖η‖∗α3−α1

r,α2
� C ‖η‖∗α3−α′

2
r,α1

‖η‖∗α′
2−α1

r,α3
. (2)

For 0 < α1 < α2 < α3 and f ∈ H∞(Vα3), we have

|f |α3−α1
r,α2

� |f |α3−α2
r,α1

|f |α2−α1
r,α3

. (3)

Moreover, for any small α we have the following diagram with exact row:

0 −−−−→ H(Ur,α) MP−−−−→ H(Ur,α) −−−−→ H(Ṽr,α) −−−−→ 0
⏐⏐
H(VAα)

where MP is the multiplication with P and the unnamed arrows are the restriction maps.
As in the proof of [19, Proposition 4.5], we conclude that there is a continuous linear map

ϕ : A(X) → H(Dr) with the desired property.

If V satisfies PLloc at any real point, then we have, for every n ∈ N, a map ϕn ∈
L(A(X), H(Dn) with ϕn(f)|X = f |X , for all f ∈ A(X). If there exists a sequence ψn ∈
L(A(X), H(Dn), n ∈ N, such that (omitting the restriction map) ψn+1 − ψn = ϕn for all n,
then we obtain a right inverse ϕ for ρ. Therefore, for a proof that (P ) is complemented, it would
suffice to show that Proj1nL(A(X), H(Dn) = 0. Unfortunately, this is not known in general (see
[20]). However, in the homogeneous case we can use a simpler argument.

6. Sufficiency of PLloc, homogeneous case

Let P now be a homogeneous polynomial of degree m > 0 such that V satisfies the PLloc-
condition at every real point. In consequence, P cannot be elliptic. Therefore X �= {0}. We set,
as previously, R

d
∗ = R

d \ {0}, X∗ = R
d
∗ ∩ X.

From Theorem 1.5 we obtain our next lemma.

Lemma 6.1. There exists a continuous linear extension operator A(X∗) −→ A(Rd
∗).
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So we have an extension operator near 0, and one off 0. To patch them together, we need
the following lemma. For 0 � r < ρ � ∞, we put Dρ

r = {x : r � ‖x‖ � ρ}. Here, ‖ ‖ denotes
the euclidian norm.

Lemma 6.2. For any 0 < r < ρ there are σ1, σ2 with 0 < σ1 < r < ρ < σ2, and continuous
linear maps ψ0 : H(Dσ2

σ1
) −→ H(Dρ

0) and ψ∞ : H(Dσ2
σ1

) −→ H(D∞
r ) such that ψ0f + ψ∞f = f

on Dρ
r .

Proof. Due to the real analytic diffeomorphism x �→ (arctanx1, . . . , arctanxd) it suffices to
replace ψ∞ by ψR : H(Dσ2

σ1
) −→ H(DR

r ) for large R > σ2 in the statement of the lemma. In
fact, one would need only to consider the case of 0 < σ1 < r < ρ < σ2 < π/2 < R.

We put

w(z) =

√√√√∣∣∣∣
d∑

j=1

z2
j

∣∣∣∣,
and we set, for small α > 0,

Dρ
r,α = {z ∈ C

d : r − α < w(z) < ρ + α; |Im z| < α}.

The Dρ
r,α are analytic polyhedra and

⋂
α Dρ

r,α = Dρ
r . From Zahariuta [22, 23, 25] we learn

that for the spaces H∞(Dρ
r,α) we have inequalities like those in Lemma 3.1.

Since Dρ
0,α ∩ DR

r,α = Dρ
r,α, we obtain by the Cartan–Oka theory the exactness of the row in

the following diagram.

0 −−−−→ H(DR
0,α) −−−−→ H(Dρ

0,α) ⊕ H(DR
r,α) −−−−→ H(Dρ

r,α) −−−−→ 0
⏐⏐
H(UAα)

Here, Uα = {z : ω(z) < α}, where γ < σ1 and ω(z) = ω(Dσ2
σ1

, Dσ2
σ1,γ , z) is the relative extremal

plurisubharmonic function. Comparison with the pluricomplex Green function of neighbor-
hoods of points in Dσ2

σ1
shows that for small α and suitable A > 0 we have ω(z) � A|Im z| on

Dρ
r,α, and hence Dρ

r,α ⊂ UAα. The vertical arrow in the diagram now means the restriction map.
For the norms in H∞(Uα) we obtain, due to the maximality of ω, the inequalities as in

Lemma 3.2. As previously, by small changes of the α we can set up the scheme for the
application of [18] and obtain the result.

Proposition 6.3. If V satisfies PLloc at any point of X, then there is a continuous linear
extension operator ϕ : A(X) −→ A(Rd).

Proof. By Theorem 5.2 there is a continuous linear operator ϕ0 : A(X) −→ H(Dσ2
0 ) such

that ϕ0f = f on X ∩ Dσ2
0 , and by Lemma 6.1 there is a continuous linear map ϕ∞ : A(X) −→

A(Rd
∗) such that ϕ∞f = f on X∗.

We choose χ : A(X) −→ H(Dσ2
σ1

) such that P · χf = ϕ0f − ϕ∞f on Dσ2
σ1

∩ X. With ψ0 and
ψ∞ of Lemma 6.2 we put, for f ∈ A(X),

ϕf = ϕ0f − P · ψ0(χf) on Dρ
0 ; ϕf = ϕ∞f + P · ψ∞(χf) on D∞

r .

On Dρ
r we have

(ϕ0f − P · ψ0(χf)) − (ϕ∞ + P · ψ∞(χf)) = P · χf − P · χf = 0.

Therefore ϕ is well defined and the assertion is proved.
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7. Main theorems

From Propositions 3.4 and 6.3, and Theorem 5.1, we obtain the following characterization.

Theorem 7.1. If P is homogeneous or has a compact real zero set, then (P ) is
complemented if and only if V satisfies PLloc at every real point.

If we restrict our attention to the homogeneous case and combine our result with the results
in [15, Theorem 3.13], [9] and [14], then we have the following result.

Theorem 7.2. For homogeneous P , the following are equivalent.
(i) The principal ideal of P is complemented in A(Rd).
(ii) P (D) is non-elliptic and P (D) : A(Rd) −→ A(Rd) is surjective.
(iii) P (D) : C∞(Rd) −→ C∞(Rd) has a continuous linear right inverse.
(iv) V satisfies PLloc at any real point of V .

8. Examples and further results

Concrete examples of homogeneous polynomials to satisfy or not satisfy PLloc at every real
point of its zero variety (which we refer to as of type PL from now on) can be found in [3–5,
9, 14, 15, 19]. We present some of them. We always assume, without restriction of generality,
that P ∈ R[x1, . . . , xn].

If n = 2, then P is a product of linear forms, and PL means that all of them must be real.
General, not necessarily homogeneous, P is of type PL if and only if all real singularities
of X are intersections of smooth lines (see [5]). A good example is P1(x, y) = y2 − x2 + x4

(lemniscate); a bad one is P2(x, y) = y2 − x3 + x5 (see [19]).
For deg P = 2, the polynomial P is of type PL if and only if the underlying quadratic form

is either indefinite or the product of two real linear forms (see [9]).
Similarly, if n � 3 and P has the form

P (x1, . . . , xn) =
n∑

k=1

akxm
k ,

then P is of type PL if and only if m is odd, or the ak have different signs, or only one ak �= 0
(see [14]).

We recall that a real analytic variety X ⊂ R
d is called of type PL if its complexification

at every point satisfies PLloc. Now, with exactly the same modifications of the proof of [19,
Proposition 4.5] as were applied to show Theorem 5.2, we can prove our final theorem.

Theorem 8.1. If X is of type PL, then for every compact K ⊂ R
d there is a continuous

linear map ϕK : A(X) −→ H(K) such that ϕKf |K∩X = f |K∩X for all f ∈ A(X).

This modification could serve to extend [19, Theorem 2.2] also to noncompact real analytic
varieties. That would be immediate if Proj1nL(A(X), H(Kn)) = 0 which, unfortunately, is not
known in general (see [20]).
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